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Purpose. The convective diffusion/dissolution theory applied to flow-
through dissolution in a laminar channel was reexamined to evaluate
how closely it can predict release rate for a model compound on an
absolute basis—a comparsion that was lacking from the original lit-
erature observations reported from this technique.
Methods. The theory was extended to allow for a finite flux of dis-
solving material, replacing the fixed concentration by a flux condition
on the dissolving surface. The derivation introduces a new parameter,
ks, an area-independent analog of the dissolution rate constant de-
fined in the USP intrinsic dissolution procedure.
Results. The release rate for ethyl-p-aminobenzoate originally ob-
served fell within 10% of the absolute prediction assuming a solubil-
ity limited situation, and deviated from this prediction in a manner
possibly consistent with a finite flux-limited condition, with ks ≈ 10−4

M s-1. For materials exhibiting lower ks values, the derivation suggests
that at high flow rates, a limit occurs where dissolution rate becomes
independent of shear rate and merely a function of solubility and
surface area.
Conclusions. The new parameter ks may be deduced from any set of
geometric and flow conditions, provided the fluid velocity can be
determined everywhere in the domain.

KEY WORDS: convective diffusion; dissolution; dissolution rate; in-
trinsic dissolution rate; flow-through dissolution.

INTRODUCTION

The currently accepted USP techniques for dissolution
(1,2) and drug release (3) can be problematic when attempt-
ing to apply them to measuring the dissolution of sparingly
soluble compounds or to characterize the release properties
of a sustained release implant. Analytical difficulties arise
from the low solute concentrations for sparingly soluble com-
pounds such as Anecortave acetate (4,9(11)-pregnadien-
17,21-diol-3,20-dione-21-acetate, CAS Registry no. 7753-60-
8,MW 386), an angiostatic cortisene and investigational new
drug (4) (24-month clinical outcome and safety data pre-
sented at the American Acadmeny of Ophthalmology Meet-
ing, November 2003, presentations PA060 and PO282).

Further, the geometry and hydrodynamic conditions are
suboptimal for such dosage forms. During the formative
stages of development for compendial dissolution testing
methods beginning in the 1960s, incomplete understanding of
dissolution mechanisms led to development of a particular set
of test procedures. Fluid flow patterns established in the ear-
liest test apparatus were not studied in detail before being
incorporated into a compendial protocol. It was hoped that
the reliable reproduction of these poorly understood flow pat-
terns by careful definition and standardization of test jig ge-
ometry would be sufficient for nearly all cases. This “one test
fits all” approach might work well for a limited range of more
highly soluble compounds or more rapidly releasing devices,
but does not serve our current purpose well.

Dissolution rates are the result of a combination of in-
trinsic and extrinsic factors of the experiments conducted to
measure these rates. Intrinsic factors pertain to properties of
the drug solid state, such as crystallinity, amorphism, poly-
morphism, hydration, solvation, and so forth. Extrinsic factors
pertain to properties of the experimental test conditions, such
as temperature, fluid viscosity, pH of the medium, fluid flow,
and resulting shear over the exposed surface area of the dis-
solving drug. There is a natural association of nomenclature
between the concept of intrinsic dissolution and a particular
experimental technique for measuring dissolution rate,
namely, the USP rotating disk (2) method described long ago
by Wood et al. (5).

The rotating disk method is advantageous because it con-
trols the exposed surface area at a fixed value throughout the
measurement process, and a fortuitous combination of geom-
etry and rheology enables the entire surface to be uniformly
accessible to the dissolution medium. Thus, apart from the
negligible influence of edge effects, the rate of mass loss per
unit surface area can be considered tantamount to a measure-
ment of a fundamental physicochemical rate of dissolution—
hence the term, intrinsic dissolution rate. However, the
method suffers from limitations that preclude its application
for our purpose:

1) It requires the repeated measurement of drug concen-
tration in aliquots removed from the stirred bulk solution,
and a calculation of the rate of dissolution from the slope,
allowing for the introduction of errors from measurement
uncertainty and chemical change of dissolved drug in the bulk
environment with time.

2) Attributing the observed rate to intrinsic dissolution
assumes that the solute concentration at the dissolving surface
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ABBREVIATIONS: A, area of exposed dissolving surface; b, width
of exposed drug surface; perpendicular to flow; BC1, boundary con-
dition along dissolving surface; BC2, boundary condition at the spatial
limit of the domain furthest away from the dissolving surface in the z
direction; BC3, boundary condition at the vertical boundary for the
fluid inlet; C, concentration of solute; C0, solubility of solute; D,
diffusivity of solute; E, intermediate factor used in expansion expres-
sions for Rtotal; H, height of rectangular channel; k, area averaged
intrinsic solubility constant from the rotating disk method; ks, area
independent constant proposed from applying a flux boundary con-
dition on the dissolving surface; L, length of exposed drug surface,
parallel to flow; dM/dt, rate of mass lost per unit time; Q, volumetric
flow rate in channel; Q90, volumetric flow rate required to bring the
dissolution rate up to 90% of the infinite flow rate limit; R, rate of
dissolution at a particular point on the exposed drug surface; Rtotal,
total integrated rate of dissolution across entire exposed drug surface;
t, time; V� , vector describing liquid flow; W, width of rectangular
channel; x, cartesian coordinate along direction of flow, parallel to
dissolving surface; y, Cartesian coordinate perpendicular to direction
of flow, parallel to dissolving surface; z, Cartesian coordinate perpen-
dicular to direction of flow, perpendicular to dissolving surface; �,
shear rate in boundary layer; �1,�2, functions of x which are used in
deriving an approximate expression for C(x,z); �( ), gamma function;
�, dimensionless spatial variable; �, transformation of solute concen-
tration as a function of spatial variable �; �, estimate of the distance
along the releasing surface from the origin at which the dissolution
upstream equals the dissolution downstream from this point.
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can be maintained at the solubility limit irrespective of ap-
plied hydrodynamic conditions (6).

The current analysis overcomes these difficulties. A flow-
through method allows for an instantaneous measurement of
dissolution rate and an instantaneous assessment of equilibra-
tion under an applied flow, especially when the dissolution
medium outlet can be directly interfaced with automated ana-
lytical equipment, and enables measurement to proceed be-
fore subsequent chemical changes can occur in solution.
When it is assumed that the surface concentration is held
constant at the solubility limit, the mathematical analysis is
exact. The test geometry applies a uniform shear rate across
the dissolving surface whose area is held constant throughout
the experiment. Although the area is not uniformly accessible
to the dissolution process in the same manner as for the ro-
tating disk, a rigorous mathematical solution can be obtained
(7,8) for this problem in laminar flow. This solution has been
extended by relaxing the constraint of a fixed surface concen-
tration.

Almost 30 years ago, Nelson and Shah (7,8) proposed an
experimental paradigm that provides determinations of dis-
solution rates in a manner that does not confound the pro-
cesses of molecular diffusion and forced convection. This ap-
proach has not been adopted in any compendial test. Reex-
amination of this method and a new comparison of the
experimental data comparing release with the theoretical pre-
diction in absolute terms has led to a more fundamental un-
derstanding of the flow-through dissolution process, by pro-
posing a new physical constant related to the concept of in-
trinsic dissolution rate.

MATERIALS AND METHODS

The flow-through dissolution cell used by Shah and Nel-
son (7) (Fig. 1) provides for very simple geometry and set of
hydrodynamic conditions. Steady (presumed) laminar flow of
eluent occurs through a rectangular channel. Dissolving ma-
terial (the drug used in Ref.e 7 was ethyl-p-aminobenzoate) is
embedded flush with the channel wall by means of a dye
bolted to the floor. The opening in the dye, to which a flat
surface of drug is exposed to fluid flow, is rectangular, with a
length to width ratio of 8:1. This geometry enabled the exact
calculation to the convective diffusion-dissolution equation
Eq. 1 given by Levich (9), because the fluid velocity can be
solved exactly everywhere within the rectangular chamber.

(Here D is diffusion coefficient, C is scalar concentration, V� is
vector fluid velocity.) Apart from the rather insignificant edge
effects caused by dispersion of diffusing compound, the exact
solution for the dissolution rate Rtotal (rate for total mass loss
from the entire exposed dissolving surface) is given (7) by Eq.
2, where C0 is the drug solubility limit, b and L are the width
and length, respectively, of the rectangular dye opening, and
� is the shear rate given by Eq. 3, with Q as the volumetric
flow rate and H and W are the width and height of the chan-
nel.

� · �D�C� = v · �C (1)

Rtotal = 0.808D2�3C0�1�3bL2�3 (2)

� =
6Q

H2W
(3)

The dye can be oriented in either direction and provides
an important test of the theory in that, according to Eq. 2, the
dissolution rate should be twice as fast when the long axis is
perpendicular to the direction of flow compared to when it is
parallel to the flow for an aspect ratio of 8:1.

The exact result of Eq. 2 requires that the exposed drug
surface concentration be maintained at the solubility limit
irrespective of flow rate, that is the boundary condition on the
dissolving surface in the plane perpendicular to the floor
along the direction of flow is simply C(x,z)|z�0 � C0. This
condition is rather idealistic, and it seems plausible that this
condition could not be maintained regardless of flow condi-
tions. As flow rate increases, one expects that the system
could not continue to supply drug to the surface to maintain
the solubility limit. Thus, we applied a flux boundary condi-
tion as per Eq. 4 and carried out a similar derivation, obtain-
ing a modified expression for dissolution rate (see Appendix).

−D�C��z�
z=0

= ks �C0 − C� (4)

Our approximate solution was verified by finite element
simulations using FlexPDE v4.05a (PDE Solutions, Antioch,
CA, USA). As demonstrated in the Appendix, the modified
boundary condition allows the system to moderate the release
of drug from the surface to a finite rate even in the hypotheti-
cal limit of infinite flow rate.

RESULTS AND DISCUSSION

Figure 2 superimposes the experimental results of the
original study (7) on the same plot with the exact predictions
of the former and current derivations. Although the data is
not new, the comparison made in Fig. 2 is, as this plot enables
a comparison between theory and experiment in absolute
terms. This absolute comparison was lacking in the original
study, which merely noted that the data exhibited the correct
cube-root dependence on volumetric flow rate and the 2-fold
change in dissolution rate upon rotating the orientation of the
dissolving surface with respect to the direction of flow. In fact,
when the comparison between the experiment release rate
and the theoretical prediction assuming the solubility limit
condition (infinite ks) are made on an absolute basis using the
values for solubility and diffusion coefficient given in Ref. 7
(6.262 millimolar and 9.86 × 10−10 M2s-1, respectively), the
data fall below the prediction by only 10%. Thus, it wouldFig. 1. Schematic diagram of dissolution cell used in Ref. 7.
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appear that for this compound and under the conditions of
this dissolution experiment, the system has little difficulty
maintaining the surface concentration very close to the solu-
bility limit.

The investigators were apparently unaware of the very
good absolute agreement between their experimental mea-
surements and their theoretical predictions. This very slight
disagreement might well be due to experimental uncertainty,
or to geometric effects due to the finite channel width, diffu-
sional broadening of dissolved solute, and so forth. Alterna-
tively, it might instead be due to the limited rate at which
material can dissolve from the surface, represented by a finite
value for ks. Superimposed upon the same plot are pairs of
curves illustrating the impact of reducing the value of ks be-
low the infinite solubility limited value. As ks diminishes, the
dissolution rate also diminishes, with a more dramatic de-
crease as the flow rate increases. At first the impact of dimin-

ishing ks provides only a small departure below the upper-
most curve, and a slight decrease in the slope of the flow rate
dependence, but eventually there is step curvature in the flow
rate dependence. The curvature is more apparent for the case
of the perpendicular orientation, with the net result that at the
highest flow rates, the influence of changing orientation of the
dissolving surface from perpendicular to parallel to the eluent
flow also diminishes.

At extremely high flow rates, there eventually comes a
point where the release rate becomes independent of further
increases in shear rate or orientation of the releasing surface.
For the case ks � 10−6, the limiting release rate is indicated in
the figure. The estimate for the flow rate at which this occurs
for the releasing surface oriented parallel to the flow direction
is about 150 mLs/min, just to the right of the maximum ab-
scissa value shown in the plot. This flow rate at which 90% of
the theoretical maximum release rate is achieved (designated
Q90 in the Appendix) varies as ks

3 (Eq. A16). Thus, for ks �
10−4 (possibly a good fit to the trend in the experimental
data), the Q90 flow rate is estimated to be one million times
higher than this, an experimentally unapproachable limit.

The parameter ks represents an intrinsic dissolution rate
constant, similar to the constant k used in the USP intrinsic
dissolution method (2), as per Eq. 5 (though not explicitly
stated, is implied in the method), where dM/dt is the total rate
of mass loss (same as Rtotal)

dM�dt = −kA�C0 − C� (5)

from the exposed surface of area A. However, the parameter
ks more fundamentally reflects the intrinsic nature of the dis-
solution process. Unlike the USP intrinsic dissolution para-
digm, which attributes the impact of hydrodynamics to be
uniformly applied everywhere on the exposed drug surface, ks

is independent of hydrodynamics; it is area-independent and
reflects only physicochemical factors.

It may be possible to separate intrinsic and extrinsic
properties of the material and test apparatus as they impact
the convective dissolution process, affecting solubility C0, the
flux parameter ks, convective flow and solute diffusivity sepa-
rately as follows:

Factors affecting solubility C0: hydration, polymorphism,
temperature, pH, eluent additives impacting solute solu-
bility.

Factors affecting flux condition ks: polymorphism, buffer ca-
pacity.

Factors affecting fluid convection: eluent bulk fluid viscosity,
test apparatus geometry, disk (Wood’s) or basket rota-
tion speed/fluid flow rate (flow-through systems).

Factors affecting solute diffusivity: eluent additives (typically
high concentrations of small hydrophilic molecules).

Note that in the laminar forced flow test system that the
fluid velocity profile is independent of the bulk viscosity,
which does not enter into the expression for shear rate in Eq.
3. The shear rate is a function only of the volumetric flow rate
Q. The only impact of increasing bulk viscosity is to require
more pressure to pump the fluid at a particular flow rate.
However, bulk viscosity will impact the velocity profile and
local shear rate in the vicinity of dissolving surfaces in stirred
systems. We also distinguish between the effects of two sepa-
rate types of eluent additives that impact the viscosity. Very

Fig. 2. Influence of flow rate and dye orientation on the dissolution
of ethyl-p-aminobenzoate, data of Ref. 7, die attached to channel
floor. Solid lines correspond to exact results calculated from Eq. 2,
assuming the exposed drug surface concentration can be maintained
at the solubility limit irrespective of flow rate. Remaining curves
correspond to applying a limited flux condition, Eq. 4, on the exposed
drug surface, where ks represents an intrinsic dissolution rate con-
stant, values indicated (units M s−1). ks �10−4; ks �3 × 10−5; ks

�10−6. In each case, the upper curve is for the die with the long axis
of the opening oriented perpendicular to the direction of flow; the
lower curve for the parallel orientation. Finite element simulation
results are depicted as small points for the case ks �10−6 only; for all
other cases, simulation results superimpose upon the curves plotted.
The limiting release rate at infinite flow rate from Eq. A15 for the
c a s e
ks �10−6 is also shown.
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low concentrations of hydrophilic polymers can very effi-
ciently increase bulk solution viscosity with negligible impact
on dissolved solute diffusivity. Small molecules must be
added in high concentration to significantly change eluent
viscosity, and impact solute diffusivity by altering the micro-
environment of the medium in which they diffuse. Additives
can also impact the solubility of dissolved solute. These sepa-
rate effects were very ably demonstrated in the later studies in
the laminar channel by the same investigators (10,11).

CONCLUSIONS

Reexamination of the original experimental release rate
data for ethyl-p-aminobenzoate in the laminar flow cell shows
surprisingly good agreement when compared against theoret-
ical prediction assuming the dissolving surface can be main-
tained at the solubility limit. The data fall slightly below this
prediction, consistent with the possibility that a practical limit
may be experienced. More data on a variety of compounds
having disparate solubility and other properties would be re-
quired to establish the utility of the flux condition-derived
intrinsic dissolution parameter ks. One possible utility would
be to provide a more realistic estimate of the duration of
release under conditions of extreme flow, such as might be
used in an attempt to accelerate the dissolution of a device
near exhaustion in a finite and reasonable time.

The new intrinsic dissolution parameter is not limited to
the simple rotating disc geometry, nor does it require impact-
ing the drug source into a flat surface embedded in the wall of
a flow cell. Rather, it may be deduced from any set of geo-
metric and flow conditions, provided the fluid velocity distri-
bution can be determined everywhere in the problem domain.
This would be especially useful in situations where the analyst
must test a finished dosage form of highly complex geometry.
In fact, it should be possible to calculate numerically the dis-
solution rate for any object placed in any eluent flow field
using the principles of convective diffusion/dissolution theory.
This will be demonstrated and experimentally verified in the
next article in this series (submitted to Pharmaceutical De-
velopment and Technology) for a different drug solute having
very limited solubility, Anecortave Acetate.
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APPENDIX

Derivation of an Approximate Solution. We found the
example of solid dissolution into a falling film (12) was useful
for correcting a misprint in the original derivation (8). In each
case, the fluid velocity is constrained to one dimension, and
velocity is assumed to vary linearly with distance away from
the wall:

D
�2C

�z2 = Vx

�C
�x

= � z
�C
�x

(A-1)

A solution of the following form for C is postulated:

C = ����, � ≡ z � �

9Dx�
1

3 (A-2)

After applying the chain rule for differentiation, Eq. A1 be-
comes:

�2�

��2 + 3�2 ��

��
= 0 (A-3)

Integrating twice we obtain the following expression for �(�):

���� = �1 �0

�

e−	3
d	 + �2 (A-4)

The �1,2 are determined by the boundary conditions on x,
which must be transformed into boundary conditions on �:

BC1 : −D
�C
�z

= ks �C0 − C�, at 0 
 x 
 L, z = 0

→ −D
��

��

��

�z
= ks �C0 − �� at � = 0

BC2 : C = 0 at x, z = � → � = 0 at � � �

BC3 : C = 0 at x = 0, z → � = 0 at � = �

where BC1 applies to the dissolving surface, and BC2 fixes the
concentration to be zero far away from the dissolving surface.
BC3 states that eluent entering from the inlet is devoid of
drug and is identical to condition BC2. Using Eq. A4 for �(�)
and making evaluations at � � 0, BC1 becomes:

−D� �

9Dx�
1

3
�1 = ks �C0 − �2� (A-5)

In the original problem (7,8) with a constant concentra-
tion for BC1, the �1,2 were constants; however, in the current
situation, in order to satisfy the boundary conditions, they
must be functions of x. Thus, the function C(x,z) that we will
obtain by this procedure will not satisfy the master differen-
tial equation Eq. A1, but will rather be an approximation.
BC2 provides a relation between �1 and �2:

�1 �0

�

e−	3
d	 + �2 = 0 → �2 = −�1 ��4

5� (A−6)

Substituting this expression for �2 in Eq. A5, we obtain an
expression for �1:

�1 =
−C0

��4
3� +

D
ks
� �

9Dx�
1

3

(A−7)

Thus, the expression for concentration C(x,z) becomes:

C�x,z� ≅
c0

��4
3� +

D
ks
� �

9Dx�
1

3

�
�

�

e−	3
d	 (A−8)

where �(x,z) is given by Eq. A2, and where we have used the
relations ʃ0

� � ʃ0
� + ʃ�

� and

�0

�

e−	3
d	 =

1
3

��1
3� = ��4

3� = 0.893 (A−9)

When Eq. A8 is substituted in Eq. A1, all terms but one
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cancel; the remaining term is premultiplied by the ratio (D/ks)
compared to the other terms which cancel. Because this ratio
ranges between 10−5 and 10−3 for the values of D and ks

considered, there is hope that the approximation should be
rather good. The accuracy of the approximation will shortly
be demonstrated using finite element simulations.

The rate of dissolution R from the surface is:

R = −D
�C
�z�

z=0

=
−Dc0

��4
3� +

D
ks
� �

9Dx�
1

3

� �

�z ��

�

e−	3
d	�

z=0

=
+Dc0

��4
3� +

D
ks
� �

9Dx�
1

3

�e−�3 ��

�z�z=0

=
+Dc0

��4
3� +

D
ks
� �

9Dx�
1

3

� �

9Dx�
1

3

= �
c0 E

1 +
1
ks
�1

x�
1

3
E�

1

x
1

3

(A-10)

where

E ≡
D

2

3�
1

3

9
1

3 ��4
3�

(A-11)

Expression Eq. A10 is very nearly proportional to x−1/3. We
can simplify this expression by substituting a constant � for
one of the instances of x as follows:

R ≅ �
c0E

1 =
1
ks
�1

��
1

3
E�

1

x
1

3

(A-12)

The sum of the mass loss rate over the entire surface is
obtained by multiplying the local rate R by the width b and
integrating over x from 0 to L. We choose � such that the
contribution of dissolution upstream from � (on the interval
from 0 < x < �) is equal to the contribution downstream (the
area underneath the function curve for x−1/3 on the interval
from zero to � is equal to the area on the interval from � to L):

�0

�

x−
1

3 dx = �
�

L
x−

1

3 dx (A-13)

The value of � which accomplishes this is L/2/√2. Thus, the
total integrated mass dissolution rate over the dissolving sur-
face is approximated by:

Rtotal

c0
≅�3EbL

2

3

2 �	�1+
�2E

ksL
1

3
� (A-14)

which reduces to the expression given by Eq. 2 of the text in
the limit ks → �. Another useful result is the limit of expres-
sion Eq. A14 at infinite flow rate, which corresponds to infi-
nite E:

lim
Q→�

Rtotal = lim
E→�

Rtotal =
3

2�2
bLksc0 (A-15)

This surprisingly simple result is independent of both
shear rate and orientation of the releasing surface. (The result
for the value boundary condition has no such limit, but as-
sumes that the material can keep the surface concentration at
the solubility limit irrespective of flow rate, leading to the
unphysical consequence of infinitely rapid dissolution in the
limit of infinite eluent flow rate.)

To obtain an estimate of the flow rate required to bring
the system close to the intrinsic dissolution limit, we calculate
the quantity E90 which will bring Rtotal to 90% of the limit of
Eq. A15, and use expressions Eq. A12 and Eq. 3 of the text to
obtain the corresponding flow rate Q90, which evaluates to:

Q90 =
3H2WL

4�2 D2 �9��4
3� ks�3

(A-16)

Confirmation by Finite Element Analysis. The domain
selected for analysis was the section of the rectangular flow
channel above the dissolving surface. The governing equation
Eq. A1 was solved in the domain subject to boundary condi-
tions as follows. The condition set along the x-axis at z � 0
(BC1) was either value(concentration C) � 1 or outward flux
� ks(1−C) (here we work in units of the drug solubility limit,
assuming c0 � 1). The condition set along the entire upper
boundary at the top of the channel (BC2) was value(C) � 0.
The same zero concentration boundary condition was set on
the left wall, representing the inlet of drugless eluent into the
dissolving chamber (BC3, now explicitly included). No condi-
tion was set on the right hand boundary.

Figure A1 shows a representative drug concentration
profile for the steady-state solution in the case ks � 10−4 at a
flow rate of 0.1 mLs/min. This solution is obtained by the
software in just seconds of CPU time. The integral of the flux
along the lower boundary for the constant concentration con-
dition, when multiplied by the width of the releasing surface,
provides a value which is within 0.2% of the exact expression
given by Eq. 2 of the text over the entire range of flow rate
from 0.1 to 100 mLs/min. This confirms that the numerical
method is robust, and it is reasonable to trust its results when
the flux condition is applied instead.

Figure A2 illustrates the comparison between the finite
element solution and the approximate expression for C(x,z)
given by Eq. A8 for the dissolving surface oriented with its
long axis parallel to the direction of flow at a flow rate of 0.1
mLs/min. The comparison is made by plotting concentration
as a function of x at two different values of z, for three dif-
ferent values of ks. When ks � 10−4 or 10−5, the agreement
between the two solutions is within <1%; thus only a single
curve is shown. For ks � 10−6, the approximation given by
Eq. A8 deviates only a few percent above the finite element
solution. Thus it is demonstrated that despite the fact that Eq.
A8 does not strictly satisfy the differential equation Eq. A1, it
nevertheless provides a reasonable approximation to the real
solution, at least for D/ks � 10−3.
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For the flux condition cases ks � 10−4 and ks � 3 × 10−5,
the total flux reported by the finite element method is with
0.5% or less of the approximate expression given by Eq. A14
over the entire range of flow rate for either orientation, and
if plotted would superimpose perfectly upon the curves in Fig.
2. The worst disagreement occurs at the highest flow rates for
the case ks � 10−4, in which the simulated flux falls below the
approximation by 5% or less. Thus, we assert that the ap-
proximation for the flux given by Eq. A14 is accurate to
within 5% over the entire range of flow rate from 0.1 to 100
mLs/min and flux parameter 1 × 10−6 < ks < �.

Expression of the Approximation as a Valid Solution to
the PDE. We can overcome one objection that might be
raised to the closed form approximation of Eq. A8, that it
does not strictly satisfy the partial differential equation given
by Eq. A1, by introducing the variable � earlier in the deri-
vation. By substituting L/2√2 for x in Eq. A5, we obtain:

−�2 D � �

9DL�
1

3

�1 = ks (C0 − �2� (A-5�)

This removes the x-dependence from the parameters �1,2, al-
lowing Eq. A8 to be expressed as follows:

C�x,z� ≅
c0

��4
3� +

�2 D
ks

� �

9DL�
1

3

�
�

�

e−	3
d	 (A-8�)

This equation is indeed a valid solution to Eq. A1, and
produces the same expressions for the release rate given by
Eqs. A12 and following. However, it does not appear to pro-
vide as accurate a description of the spatial dependence of
concentration near the releasing surface as does the original
expression Eq. A8 when compared with elevation plots of the
finite element solution close to the surface.

Finite Element Simulation of Parabolic Velocity Flow
Profile. Of potential concern is the fact that the linear velocity
profile is only a reasonable assumption in the vicinity of the
releasing surface, representing the limiting slope of the para-
bolic Poiseuille-type flow occurring in the channel. The linear
velocity profile would require a non-zero velocity at the upper
channel boundary, which is unphysical. A more physically
reasonable velocity profile would be given by the following
expression, assuming that the distance between the inlet and
the releasing surface was long enough to establish the para-
bolic profile:

Vx =
H�

4 �1 − �2z − H
H �2� (A-17)

The linear velocity profile used in Eq. A1 is obtained by
taking the derivative of this expression with respect to z and
evaluating the result at z � 0. In principle it would be possible
to obtain the solution to the differential equation Eq. A1 in
which expression Eq. A17 would be substituted for Vx:

Fig. A1. Finite element simulation of drug concentration in the chan-
nel above the releasing surface for the case of the rectangular surface
oriented with the long axis perpendicular to the direction of flow, case
ks � 10−4 at a flow rate of 0.1 mLs/min. Each contour represents an
increase of 10% of the drug solubility limit c0; thus, the uppermost
contour corresponds to C � 0.1 * c0; the lowest contour just above
the z � 0 axis corresponds to C � 0.9 * c0; and so forth. Dimensions
are in millimeters. Boundary conditions are shown.

Fig. A2. X-dependence of the steady-state drug concentration at two
fixed values of z for orientation with the long axis parallel to the
direction of flow, comparing the approximate solution given by Eq.
A8 with the finite element solution (indistinguishable for kd � 10−4,
10−5). (a) Concentration at z � 0 (along the dissolving surface). (b)
Concentration at a height of z � 0.5 mm above the surface.
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�2C

�z2 −
H�

4 �1 − �2z − H
H �2� �C

�x
= 0 (A-18)

Finite element simulations suggest that the effort of such a
derivation would hardly be justified. The impact of the para-
bolic velocity profile reduces Rtotal by only a small amount,
with the largest effect being observed at the slowest flow
rates. The reduction at 0.1 mLs/min is only 10% for the par-
allel orientation and 4% for the perpendicular orientation.
The effect is greatly diminished as the flow rate increases,
since the upward extant of the drug concentration profile
becomes greatly diminished with increasing flow rate.
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